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We give a purely deterministic proof of the following theorem of J. Komios and M. Sulyok.
Let A=(a;;), a;;= +1 be an nxXn matrix. One can multiply some rows and columns by —1 such
that the absolute value of the sum of the elements of the matrix is =2 if  is even and 1 if » is odd.
Note that Komlds and Sulyok applied probabilistic ideas and so their method worked only for
eSS

Consider a square nXn array of lights. Each light has two possible states, on
and off. To each row and to each column of the array there is a switch. Tuorning this
switch changes the state of each light in that row and columa.

This concept is attributed to David Gale. In the late 1960’s Elwyn Berlekamp
built such a machine (of size 8 X 8) and it was a fixture in the tea room of the Mathe-
matics Department at Bell Telephone Laboratories (Murray Hill) for many years.

By a configuration we shall mean the state of a given machine, i.e. precisely
which lights are on and off. Define the signed discrepancy of a configuration to be
the number of lights on minus the number of lights off and define the discrepancy
to be the absolute value of the signed discrepancy. We shall consider the following
solitaire game: Given an initial configuration the Player switches rows and columns
in order to minimize the discrepancy. (Other games, such as attempting to maximize
the discrepancy, have also been examined [1] in detail.)

When n is odd the discrepancy is always at least one. When # is even the signed
discrepancy remains in the same residue class modulo 4 under line shifts. If in the
initial configuration the signed discrepancy is of the form 4k+2 (for example, a
single ligth on) then whatever the Player does the discrepancy will be at least two.
Leo Moser conjectured that the Player can always achieve this minimal discrepancy.
That is, given any initial configuration there is a set of row and column shifts that
yield a configuration with discrepancy one, if # is odd, and with discrepancy either
zero or two when # is even. In 1970, J. Komlds and M. Sulyok [3] succeeded in prov-
ing this result for all sufficiently large ». In this paper we give another proof of the
Moser conjecture. Our proof, which is valid for all #, differs considerably from the
original proof. It is algorithmic in the sense that from it one could readily construct
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an algorithm which, given an initial configuration, would determine the appropriate
row and column shifts in polynomial time. In the late 1960°s a succession of impro-
vements were made on an upper bound to the discrepancy. In 1968 the senjor author
(J. S.) made one such improvement and discovered, the following week, that Komlés
and Sulyok had resolved the full conjecture. It is satisfying, more than a decade later,
to make a further contribution to this problenm.

It will help to place the Moser Conjecture in a more numerical format. A con-
figuration will be denoted by a matrix A=(q;;) with all a;;==+1. The value a;=
=41 corresponds to the (i—j)-th light being on and «;;= —1 to the (i—j)-th light
being off. The column shifts are denoted by variable x,, ..., x,= +1 where x;=+1
denotes that the j-th column is not shifted and x;= —1 denotes that the j-th column
shifted. The row shifts are denoted similarly by variables yq,..., v,= = 1. (Note,
critically, that line shifts are commutative and of order two. Hence any procedure
followed by the Player can be reduced to a set, as opposed to a sequence, of line shifts
and hence may be represented by the variables x;, ..., X, )1, ..., ¥,.) Now we may
restate Moser’s Conjecture: Given any nXn matrix A=(g;) with all g;==*1
there exist Xy, ..., X,, )1, .... },=21 so that, setting

" "
D= >

i=1 j=1

}x_, ij|»

D=1, when nis odd, and D=2, when n is even.

We will let r;, 1=i/=n, denote the i-th row sum of a configuraticn. Note r;
may be positive, negative, or zero. Our approach will be to find column shifts so that
the r; have an appropriate form and apply row shifts at the last step.

Lemma. Given any initial configuration (a;;) there exist column shifts x; so that
the new row sumis r; satisfy || <2i, | Si=n.

We fix a;;, write

I_]"

= Dayx;, l=iz=n,
j=1
and think of the r; as linear forms on variables xy, ..., x,. We shall consider the x;
as real variables which will assume values in the closed interval [— 1, + 1] during the
argument though they must equal either +1 or —1 at the end of the argument. Ini-
tially all x; are set equal to zero.

Call a variable x; fixed if x;=+1 and floating if —1l<x;<+1. Once a
variable is fixed it does not change. Suppose that at an 1ntermed1ate stage there are
exactly s floating variables (say x;, ..., x, for convenience) and that the first s row
sums ry, ..., ry all equal zero. (Here “first s rows™ is not simply for convenience. We
assume a fixed ordering of the rows.) Consider the system of equations ;=0, 1 =i=
=s—1 (critically, dropping the s-th row from consideration), s —1 linear equations
In a variables x;, ..., x;. (The remaining x;= +1 are treated as constants.) By linear
algebra we find a line of solutions.

(X1 oy ) ={x1, ..., x)+A(ey, oo0s €))

(with x;, ..., x, here representing the specific previous values) to this system. Geo-
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metrically, we move along this line until reaching the border of the s-cube. Algebrai-
cally, we set A equal to that real of minimal absolute value such that some x;= 1.
Now replace the old x; with the new x}. There are now at most s — 1 floating variables
(as some variable has hit the border) and the first s—1 row sums still equal zero.

Initially the condition “first s row sums equal zero where s is the number of
of floating variables” is satisfied with s=n. Hence we may apply the above proce-
dure at most » times to find # fixed variables x,, ..., x,. These x; satisfy the Lemma.
To see this, fix an arbitrary i and consider the value of the i-th row sum r; as the pro-
cedure is carried out. At the first time in which there are at most 7 floating variables
the row suimn is still zero. After that these / variables x; can float but each x; changes
less than two since it was in the open mnterval (— 1, -+ 1) and ends up equal to either
+1or — 1. A change of less than two in x; yields a change of less than two in the
row sum r; since x; is multiplied by a;; and |a;{=1. As there are at most / floating
variables the row sum changes less than 2/ from its value zero and hence the Lem-
ma 1s proven.

The implementation of this algorithm requires the calculation of (¢y, ..., ¢,),
not all zero, satisfying the homogeneous system

n
2 a;c; =0 1=i=s—-1
=
The ¢; may be found by basic linear algebra technigues in time 0(s*)=0(n’). As
this procedure may be required # times the entire calculation may be done in time
0(n?).
The techniques used in this Lemma have been studied in a more general sett-
ing. We refer the reader to [2] for comparable results.
We now jump ahead to describe a simple technique that will give the final row
shifts. Let ), .... s, be nonnegative integers and let K be a positive integer such that
5 =K and so that for 2=i=n,

Sia1 =S5+ s+ K

Then there exist vy, ..., 1,= 11 so that

|ylsl+"'+ynsn‘ = I<

We find the y; be reverse induction. Set y,=-+1. Having found »,, ¥,_1, - Vis1
we choose ;=11 so as to minimize the absolute value of the partial sum y,s,+...
e+ Yi1Sie+ys;. Our condition on the s; assures that we never get “stuck” and
that the final sum has the desired property. We shall call this method the Greedy
Technique for the remainder of the paper. Our object will be to shift columns so that,
setting s;=|r;|, the Greedy Technique may be applied to the s;.

We now assume r is even and set K=2. Given an arbitrary configuration we
apply the Lemma so that |r]<2i. For simplicity of notation let us then apply row
shifts so that all row sums are nonnegative. Since all r; are even integers and since
the equality above is strict we have r,=0, r,¢{0, 2}, r;€{0, 2,4} and, in general,
ri=2i—2. We may not immediately apply the Greedy Technique because we may
have too many r,=0. For example, if the row sum sequence begins 0, 0,0, 0, 0, 10, ...
the Greedy Technique will not apply.



302 J. BECK, 1. SPENCER

Reorder the rows in increasing order of row sums. We then still have r,=2i—2.
Suppose the first u rows have sum zero and the next » rows have sum two. If u=1
we may simply apply the Greedy Technique so we shall assume w=1. Let ] be the
new absolute value of the i-th row sum after a single coluomn is shifted. For the first
u rows ri=2 regardless of which column is shifted. For the next » rows r;=0 for
(n/2Y+1 of the possible column shifts, these being the cases when an ;=41
switched to — l and r/=4 for the remaining (n/2)— 1 column shifts. Thus the ave-
rage value of i} taken over all n posslble column shifts, is 4((n/2)~1)/n 2—4/n.
Now we use that the average of a sum is the sum of the averages and conclude that
the average value of r, ,+...+7.,,, the new row sums that had old row sums two,

¢(2—4/n)=2v—4v/n. 1f hall of the odd row sums equal two then the Greedy
Technigue trivially works and hence we may assume v<n/2. Thus 2v—4u/n=>2v—2.
Since this is the average there must be one specific column change so that 7, ;+...+
+r...,>2v—2 and since this sum is an even integer we have

(1) Fogy oo, 2 20,
We also have
i1 .’ —_ p— ‘, ja—
(i1) Fr=..=1r,=2.
{iit) 2, i=>utuo.

These latter properties hold for any column shift since each row sum is changed by
exactly two.

We observe that ri+...+r...=2(u+v) and r;=2 for i=u-v since
r;=4. Hence

Peb A2 =242 =
for all i=wu+4v. Trivially
Fibdri+2 =4 =5,
when 1=i<u+v. Thus we may apply the Greedy Technique to the row sums
ri, ..., 1y completing the proof of the Moser Conjecture in the case n even.

To implement this portion of the algorithm we may simply check all # pos-
sible column shifts until we find one satisfying (i) above. The time contribution is
negligible compared to the 0(n%) of the previous step.

Now we turn to the case n odd. We assume n=7. If we follow directly the
arguments of the n even case we may easily show that an arbitrary configuration can
be shifted so as to give discrepancy D=5. To achieve D=1 requires a more detailed
argument.

We first reexamine our Lemma and show that column shifts exist so that the
new row sums r; satisfy |r,|=1 and |r,|<2i—1 for 2=i=n. The method for finding
the x’s remains the same. We use the fact that A was that real of minimal absolute
value so that some x,= 4 1. (Geometrically, the solution line intersects the s-cube
at two pomts and we are careful to select that point closest to our initial point.)
Suppose x;= 1, the opposite case being similar. Then the old value x, must have
been nonnegative for had x, been negative we could have gone in the opposite di-
rection — i.e., found a smaller 4 of opposite sign. When bounding r; there were at
most / floating variables when r; was last equal to zero. All of them float less than two
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and one of them (that particular x, fixed at the next stage) floats at most one. Thus
the i-th tow sum r; changes from zero by at most 2i— | and, when i=1, by strictly
less than 2i—1 since i~—1 variables x; float strictly less than two.

Applying this modification, and using the fact that r; must be an odd integer,
we may find a column shift so that r, =1, ry=1, ry=3,, and, for all i=1, r=2i-3.
At this point application of the “average column shift” argument used in the # even
case almost completes the proof of Moser’s Conjecture. There is one stumbling block
— in making a single column shift we may change all of the row sums that were one
into three and have no new row sums equal to one. This would be the case, for exam-
ple, if all of the rows were identical. Dealing with this case has proven cumbersome.

We are given an arbitrary configuration of odd order n. Suppose first that
every two columns are either equal or negatives of each other. This is equivalent to
saying that we may transform the configuration inte the all + 1 configuration. Shifting
precisely (n—1)/2 columns and (71— 1)/2 rows of the all + 1 configuration gives a con-
figuration with discrepancy D=+1. We may thus assume that there exist two co-
Iumns, say the first two, whose corresponding coefficients are equal at least once and
unequal at least once. Shifting one column if necessary (reversing equal and unequal)
we may assume that the coeflicients are unequal in at least half of the rows. Placing
a row where they are equal first and following it by the rows in which they are une-
qual we may assume that

G = lyp
anta, =0, 2=i=m+3)2.

Let B denote the submatrix consisting of the first (n+3)/2 rows and all but
the first two columns and suppose, after appropriate line shifts, B has row sums
Fis oo Tnyay2- The first two columns of the full matrix will remain equal in the first
row and unequal through row (n+3)/2. By either leaving these two columns both
unshifted or by shifting both of them, and then shifting the first row if necessary, the
full matrix is given row sums s, ..., s, where s;=lrn—2{ or s;=|r+2| and
si=r; for 2=i=(n+3)/2. For the remaining rows we need only s,=n. In parti-
cular, when r;=1 we may either set s,=1 or set s;=3. It will suffice to find s;
that satisfy the Greedy Technique with K=2 (since the final discrepancy is odd).
That is, we shall show s, ..., 5,44, satisfy the Greedy Technique with K=2 and
St Sganpt2za

We apply our Lemma to submatrix B so that its row sums are bounded by
1,1,3,5, ... respectively Reorder the rows (but keep the first row, which is special,
in 1ts place) so that the row sums of B are in increasing order and suppose that the
row sum sequence begins with u ones and » threes. If u=3 we may set s;,=1 and
apply the Greedy Technique (the extreme row sum sequence would begin 1, 1, 1, 5, ...)
$0 we assume u=4,

We apply the “average column shift” argument to the first u+v rows of B.
A row sum r;=1 has average value 2—1/(n—2) after shifting one of the n—2
columns of B. A row sum r;=3 has average value 3 —6/(n —2) after a column shift.
Since n=7, 3—-6/(n—2)=2—1/(n—2) and the u+2 rows have average sum at least
2(u+v)—~(u+2)/(n—2) after a column shift. Now u+v=<n—2 (unless n+v=n—2=
=(n+3)/2=5 in which case we set s;=1 and apply the Greedy Technique) so this
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average is more than 2{u+v»)—1. Thus there is a particular column shift after which
the new row sums r; of B satisfy

(1) Pt = 2(u0)
(i1) ri=2i—1, Q=1
(111) r
and so that the first four row sums (which were one) are either one or three.
If rj=1 weset 5,=1 and apply the Greedy Technique. When r;=3 we have
a choice of setting s;=1 or s,=3. If there is at least one r/=1 we set s;,=5 and
apply the Greedy Technique. (For example, 3,1, 1, 1, ... becomes 5,1, 1, 1, ... and
3.1,3,3, ... becames 3, 1, 3,3, ...) Otherwise the sequence r/ begins 3, 3,3, 3. In
this case we set s,=1 and the Greedy Technique again applies. This completes the

proof of the Moser Conjecture for all n except #=3 and n=35. These values may
be easily checked by hand.

Ii

I

3, i>utr

References

[1] T. A. BrowN and J. H. Spencer, Minimization of + 1 matrices under line shifts, Colloguium
Mathematicum (Poland) 23 (1971), 165—171.

[2} J. Beck and T. Fiava, Integer Making Theorems, Discrete Apphied Math. 3 {(1981), 1—8.

[3] J. KomLos and M. Suiyok. On the sum of elements of =+ 1 matrices, in: Combinatorial Theory
and Its Applications (Erdds et. al.. eds.), North-Holland 1970, 721—728.

Jozsef Beck Joe! Spencer
Mathematical Institute SUNY at Stony Brook
of the Hungarian Academy of Sci. Stony Brook, N. Y. 11794 USA

Budapest, H—]395 Pf. 428 Hungary



