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We give a purely deterministic proof of the following theorem of J. Koml6s and M. Sulyok. 
Let A=(au), ao= _+ 1 be an n×n matrix. One can multiply some rows and columns by -1  such 
that the absolute value of the sum of the elements of the matrix is ~2 if n is even and 1 if n is odd. 
Note that Komlds and Sulyok applied probabilistic ideas and so their method worked only for 

Consider a square n × n  array o f  lights. Each light has two possible states, on 
and off. To each row and to each column o f  the array there is a switch. Turning this 
switch changes the state o f  each light in that  row and column.  

This concept  is attributed to David Gale. In the late 1960's Elwyn Berlekamp 
built such a machine (of  size 8 × 8) and it was a fixture in the tea room o f  the Mathe-  
matics Depar tment  at Bell Telephone Laboratories  (Murray Hill) for many years. 

By a configuration we shall mean the state of  a given machine, i.e. precisely 
which lights are on and off. Define the signed discrepancy of  a configuration to be 
the number  o f  lights on minus the number  o f  lights off and define the discrepancy 
to be the absolute value o f  the signed discrepancy. We shall consider the following 
solitaire game:  Given an initial configuration the Player switches rows and columns 
in order to minimize the discrepancy. (Other games, such as at tempting to maximize 
the discrepancy, have also been examined [1] in detail.) 

When n is odd the discrepancy is always at least one. When n is even the signed 
discrepancy remains in the same residue class modulo  4 under line shifts, I f  in the 
initial configurat ion the signed discrepancy is o f  the form 4 k + 2  (for example, a 
single ligth on) then whatever the Player does the discrepancy will be at least two. 
Leo Moser  conjectured that  the Player can always achieve this minimal discrepancy. 
That  is, given any initial configurat ion there is a set of  row and column shifts that  
yield a configuration with discrepancy one, if n is odd, and with discrepancy either 
zero or  two when n is even. In 1970, J. Komlds  and M. Sulyok [3] succeeded in prov- 
ing this result for all sufficiently large n. In this paper  we give another  p roo f  o f  the 
Moser conjecture. Our  proof,  which is valid for all n, differs considerably f rom the 
original proof. It is algorithmic in the sense that f rom it one could readily construct  
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an a lgor i thm which,  given an initial configurat ion,  would  detemaine the appropr i a t e  
row and  c o h m m  shifts in po lynomia l  t ime. In the late 1960's a succession o f  impro-  
vements  were made  on an upper  bound  to tile discrepancy.  In 1968 the senior  au thor  
(J. S.) made  one such improvemen t  and discovered,  the fol lowing week, tha t  Koml6s  
and Sulyok had  resolved the full conjecture.  It is satisfying, more  than a decade later,  
to make  a further con t r ibu t ion  to this p roblem.  

It will help to place the Moser  Conjec ture  in a more  numerica l  format .  A con-  
f igurat ion will be deno ted  by a matr ix  A =(a~fl with all alj= __ 1. The  value aij= 
= + 1 co r responds  to the ( i - j ) - t h  light being on and a;2 = - 1 to the ( i - j ) - t h  l ight 
being off. The co lumn shifts are denoted  by var iable  x~ . . . .  , x , ,=  ± 1 where .vi= + 1 
denotes  that  t h e j - t h  co lumn is not  shifted and .r i =  - l denotes  tha t  the j - th  co lumn 
shifted.  The row shifts are denoted  similar ly by variables y~ .... , y , , =  ± 1 .  (Note,  
cri t ically,  tha t  line shifts are comnmta t ive  and o f  o rder  two. Hence  any p rocedure  
fol lowed by the Player  can be reduced to a set, as opposed  to a sequence, o f  line shifts 
and  hence may be represented by the variables .v~ . . . . .  x,,, 3'1 . . . .  , y,,.) N o w  we may 
restate Moser ' s  Conjec ture :  Given any n × n  mat r ix  A = ( a o .  ) with all a ~ = _ + l  
there exist .v~ . . . . .  x,,, 3'~ . . . . . .  v,,= ± 1  so that,  sett ing 

D = ~-1 x/"Yixaaij '  
i j = l  

D =  1, when n is odd,  and  D ~ 2 ,  when n is even. 
We will  let q ,  l <_i~:n, denote  the  i-th row sum of  a conf igurat ion.  Note  r~ 

may be posi t ive,  negative,  or  zero. Our  a p p r o a c h  will be to find co lumn shifts so tha t  
the  r~ have an app rop r i a t e  form and apply  row shifts a t  the  las t  step. 

Lenuna.  Given any initial configuration (aij) there exist column shifts x~ so that 
the new row sums r i ,~atisfv ]q l<2i ,  1 ~ i ~ n .  

We fix a; i ,  wri te  

ri = 2 ai jx . i ,  I ~ i 7~ n, 
j - 1 

and th ink  o f  the q as l inear forms on variables x~ . . . . .  x,,. W e  shall  cons ider  the x~ 
as real  var iables  which will assume values in the closed interval  [ -  l ,  + 1] dur ing  the 
a rgumen t  though  they mus t  equal  either + 1 or  - 1 at  the  end o f  the  a rgument .  In i -  
t ia l ly all  x.i are set equal  to zero. 

Call  a var iable  X.j fixed if  Xj=±l  and floating i f  --l<xj-<q-l. Once a 
var iable  is fixed it does no t  change.  Suppose  tha t  at  an in te rmedia te  s tage there are  
exact ly s f loat ing var iables  (say xa . . . .  , x~ for convenience)  and  tha t  the  first s row 
sums r~ . . . .  , r~ all equal  zero.  (Here  "first  s rows" is not  s imply for convenience.  W e  
assume a fixed order ing  o f  the  rows.) Cons ider  the system o f  equat ions  r~=0, 1 =<i_ -< 
N s -  1 (crit ically,  d r o p p i n g  the s-th row f rom cons idera t ion) ,  s -  1 l inear  equat ions  
in a var iables  x~ . . . .  , x , .  (The remaining  x i = ± 1 are  t rea ted  as constants . )  By l inear  
a lgebra  we find a line o f  solut ions.  

(x;, . . . ,  x ; )  = (x~ . . . .  , x 3 + ~ ( q  . . . . .  c 3  

(with x~ . . . .  , x, here represent ing the specific previous  values) to this system. Geo-  
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metrically, we move aIong this line until reaching the border o f  the s-cube. Algebrai- 
cally, we set 2 equal to that  real o f  minimal absolute value such that  some x[ = +_ l. 
N o w  replace the old xj with the new x}. There are now at most  s -  1 floating variables 
(as some variable has hit the border) and the first s - I  row sums still equal zero. 

Initially the condi t ion "first s row sums equal zero where s is the number  o f  
o f  floating variables" is satisfied with s = n .  Hence we may apply the above proce- 
dure at most  n times to find n fixed variables xt . . . . .  x,,. These x i satisfy the Lemma. 
To see this, fix an arbitrary i and consider the value of  the i-th row sum r~ as the pro- 
cedure is carried out. At  the first time in which there are at most  i floating variables 
the row sum is still zero. After  that  these i variables xa can float but  each xj. changes 
less than two since it was in the open interval ( -  1, + l) and ends up equal to either 
+ l or  - I. A change o f  less than two in xj yields a change of  less than two in the 
row sum r~ since xj is multiplied by a~s and lao.I ~ 1. As there are at most  i floating 
variables the row sum changes less than 2i from its value zero and hence the Lem- 
ma is proven. 

The implementation o f  this algorithm requires the calculation o f  (c, . . . . .  c~), 
not  all zero, satisfying the homogeneous  system 

• ai jC j = O, l ~ i ~ S - -  [. 
j = l  

The t) may be lbund  by basic linear algebra techniques in time 0(sa)=0(#rS). As 
this procedure may be required n times the entire calculation may be done  in time 
0(n'*). 

The techniques used in this Lemma have been studied in a more general sett- 
ing. We refer the reader to [2] for comparable  results. 

We now jump ahead to describe a simple technique that  will give the final row 
shifts. Let s~ . . . . .  s, be nonnegative integers and let K be a positive integer such that 
sa-~-K and so that for 2~i<=n,  

si+ 1 -~ sl + . . . . _ s i +  K" 

Then there exist 3'~ . . . .  , y , ,= ,-I- 1 so that 

lYl Sl + ... + y,s,] ~ K. 

We find the y, be reverse induction. Set y, ,= + 1. Having found y , ,  Y,,-1 . . . . .  Yi+t 
we choose Yi= -I- 1 so as to minimize the absolute value o f  the partial sum y, s , ,+. . .  
• ., +yi+ls~+l+v~s~. Our  condit ion on the s¢ assures that we never get "stuck" and 
that the final sum has the desired property.  We shall call this method the Greedy 
Technique for the remainder o f  the paper. Our  object will be to shift columns so that, 
setting s~= ]ql, the Greedy Technique may be applied to the s i. 

We now assume n is even and set K = 2 .  Given an arbitrary configuration we 
apply the Lemma so that  Ir~]<2i. For  simplicity o f  notat ion let us then apply row 
shifts so that  all row sums are nonnegative. Since all ri are even integers and since 
the equality above is strict we have r l = 0 ,  r2E {0, 2}, raE {0, 2, 4} and, in general, 
r ~ 2 i - 2 .  We may not  immediately apply the Greedy Technique because we may 
have too many r ;=0 .  For  example, if the row sum sequence begins 0, 0, 0, 0, 0, 10 . . . .  
the Greedy Technique will not apply. 
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Reorde r  the rows in increasing order  of  row sums. We then still have rl-<_ 2 i - 2 .  
Suppose  the first u rows have sum zero and the next  v rows have stun two. I f  u =  1 
we may  s imply apply  the Greedy  Technique so we shall  assume u>-I .  Let  r~ be the 
new absolu te  value o f  the i-th row sum after  a single co lumn is shifted.  F o r  the  first 
u rows r ; = 2  regardless of  which co lumn is shifted. F o r  the next  v rows r ; - - 0  for 
( n / 2 ) + l  o f  the poss ible  co lumn shifts, these being the cases when an  ais= + 1 
switched to - 1, and r; = 4  for the remaining  ( n / 2 ) -  1 co lumn shifts.  Thus the ave- 
rage value of  r ; ,  t aken  over all n possible  co lumn shifts,  is 4 ( ( n / 2 ) - l ) / n = 2 - 4 / n .  
N o w  we use that  the average of  a sum is the sum of  the averages and conclude  tha t  
the  average value " ' ' o f  ~,+,-v ... + r ,+ , , ,  the new row sums tha t  had  old row sums two,  
is v(2-4/n)=2t , -4v/n.  If  hal f  o f  the odd row sums equal  two then the Greedy  
Technique  tr ivial ly works  and hence we may  assume v<n/2. Thus  2v -4v /n>2v-2 .  
Since this is the average there must  be one specific co lumn change  so tha t  r ,]+~+.. .  + 
+ r , ' , + ~ . > 2 , ' - 2  and since this sum is an even integer we have 

( i )  ",'+ 1 + - . .  + q]  + ,. ->--- 2 v .  

W e  also have 

( i t )  r~ . . . . .  ,',~ = 2 .  

(iii) r~ :/-- 2i, i > u + v .  

These lat ter  proper t ies  hold for any column shift  since each row sum is changed by 
exact ly  two. 

We observe  tha t  r~+...+r'~_~>2(u+v) and r~->_2 for i > u + c  since 
ri>=4. Hence 

for  all i>u+e. Trivia l ly  

r ~ + . . . + r ' + 2  > 2 i + 2  ~ r~+l 

,'~ +... + r;+ 2 ~ 4 ~ ,';+ 

when l ~ i < u + v .  Thus  we may  apply  the Greedy  Technique to the  row sums 
r~ . . . . .  r,~ comple t ing  the p r o o f  of  the Moser  Conjec ture  in the case n even. 

To implement  this  por t ion  o f  the a lgor i thm we may  s imply check all n pos-  
sible co lunm shifts until  we find one sat isfying (i) above.  The  t ime con t r ibu t ion  is 
negligible c o m p a r e d  to the 0(n 4) of  the previous  step. 

N o w  we turn to the case n odd.  We assume n ~ 7 .  I f  we follow direct ly the  
a rguments  o f  the  n even case we may easily show that  an a rb i t ra ry  conf igurat ion can 
be shif ted so as to give d iscrepancy D ~  5. To achieve D -  I requires a more  detai led 
argument .  

We  first reexamine our  Lemma and show tha t  c o h m m  shifts exist so tha t  the 
new row sums r i satisfy [r l l~ 1 and I r i l < 2 i -  I for 2 N i g h .  The  method  for f inding 
the x 's  remains  the same. W e  use the fact tha t  2 was tha t  real o f  min imal  absolu te  
value so that  some x ' ,=  +__ 1. (Geometr ica l ly ,  the solut ion line intersects the s-cube 
at  two points  and we are  careful  to select that  po in t  closest to our  initial  point .)  
Suppose  x , =  -t- 1, the oppos i te  case being similar.  Then the o ld  value x, must  have 
been nonnegat ive  for had x, been negative we could have gone in the oppos i te  di- 
rect ion - -  i.e., found  a smal ler  ). o f  oppos i te  sign. When  bound ing  rz there were at  
most  i f loating variables when r; was last equal to zero. All  o f  them float less than  two 
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and one o f  them (that particular xt fixed at the next stage) floats at most  one. Thus 
the i-th row sum r i changes from zero by at most  2 i -  1 and, when i >  1, by strictly 
less than 2 i - 1  since i - 1  variables xj float strictly less than two. 

Applying this modification, and using the fact tha t  r~ must  be an odd integer, 
we may find a column shift so that  r~ = 1, r.~= 1, ra~3, ,  and, for all i >  1, r ~ 2 i -  3. 
At this point  application o f  the "average column shift" argument  used in the n even 
case almost  completes the p roo f  o f  Moser ' s  Conjecture. There is one stumbling block 
- -  in making a single column shift we may change all o f  the row sums that  were one 
into three and have no new row sums equal to one. This would be the case, for exam- 
ple, if all o f  the rows were identical. Dealing with this case has proven cumbersome. 

We are given an arbitrary configuration o f  odd  order n. Suppose first that  
every two columns are either equal or negatives o f  each other. This is equivalent to 
saying that  we may t ransform the configuration into the all + 1 configuration. Shifting 
precisely (n--1)/2 columns and ( n -  11)/2 rows o f  the all + 1 configuration gives a con- 
figuration with discrepancy D =  + 1. We may thus assume that there exist two co- 
lumns, say the first two, whose corresponding coefficients are equal at least once and 
unequal at least once. Shifting one column if necessary (reversing equal and unequal) 
we may assume that  the coefficients are unequal  in at least half  o f  the rows. Placing 
a row where they are equal first and following it by the rows in which they are une- 
qual we may assume that  

a l l  = t ' l l~  " 

a a + a i . 2 = O ,  2 ~ i < ( n + 3 ) / 2 .  

Let B denote the submatrix consisting o f  the first (n + 3)/2 rows and all but 
the first two columns and suppose, after appropria te  line shifts, B has row sums 
r~ . . . .  , r(,+3)/o_. The first two columns of  the full matrix will remain equal in the first 
row and unequal  th rough  row ( n + 3 ) / 2 .  By either leaving these two columns both 
unshifted or by shifting both o f  them, and then shifling the first row if necessary, the 
full matrix is given row sums s~ . . . . .  s, where s ~ = ! r l - 2 !  or  s l= l r l+21  and 
s ~ = r  i for 2<=i<=(n+3) /2 .  For  the remaining rows we need only s,<-_n. In parti- 
cular, when r a = l  we may either set S l = l  or set s1=3.  It will suffice to finds~ 
that  satisfy the Greedy Technique with K = 2  (since the final discrepancy is odd). 
That  is, we shall show sl  . . . .  , s.,+.~)/,, satisfy the Greedy Technique with K = 2  and 
sl  + . . .  + s(,+.~)/,2 + 2 >- n. 

We apply our Lemma to submatrix B so that  its row sums are bounded  by 
l, l, 3, 5 . . . .  respectively Reorder  the rows (.but keep the first row, which is special, 
in its place) so that  the row sums of  B are in increasing order and suppose that  the 
row sum sequence begins with u ones and v threes. I f  u ~ 3  we may set s l =  1 and 
apply the Greedy Technique (the extreme row sum sequence would begin 1, 1, 1, 5 . . . .  ) 
so we assume u ~ 4 .  

We apply the "'average column shifC" argument  to the first u + r  rows of  B. 
A row sum r i = l  has average value 2 - 1 / ( n - 2 )  after shifting one of  the n - 2  
columns o f B .  A row" sum r i = 3  has average value 3 - 6 / ( n - 2 )  after a column shift. 
Since n ~ 7 ,  3 - 6 / ( n - 2 ) ~ 2 - -  l / ( n - 2 )  and the u+~, rows have average sum at least 
2 ( u + e ) - ( u + c ) / ( n - 2 )  after a column shift. Now u + c < n - 2  (unless u + r = n - 2 =  
= ( n + 3 ) / 2 = 5  in which case we set s l =  1 and apply the Greedy Technique) so this 
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average  is more  t han  2 ( u + v ) -  I. T h u s  there  is a pa r t i cu la r  c o l u m n  shif t  af ter  which  
the  new row sums  r~ o f  B satisfy 

t t (i) r I + . . .  + r.  +~, ~ 2 (u + v) 

(ii) r~ ~ 2 i - l ,  i > l  

(iii) r~ -- 3. i > u + t '  

a n d  so tha t  the first tbu r  row s u m s  (which were one)  are  e i ther  one  or  three.  
I f  r ; =  1 we set s~ = 1 a n d  app ly  the G r e e d y  Techn ique .  W h e n  r'~= 3 we have  

a choice o f  se t t ing s ~ = l  or  s ~= 5 .  If  there  is a t  least one  r ~ = l  we set s t = 5  and  
app ly  the  G r e e d y  Techn ique .  (Fo r  example ,  3, 1, 1, 1 . . . .  becomes  5, 1, 1, 1 . . . .  a n d  
3, 1, 3, 3 . . . .  becomes  5, l, 3, 3 . . . .  ) Otherwise  the  sequence  r~ begins  3, 3, 3, 3. In 
this case we set st = 1 a n d  the  G r e e d y  T e c h n i q u e  aga in  applies .  Th i s  comple tes  the  
p r o o f  o f  the  Mose r  Con jec tu re  for all  n except  n =  3 a n d  n =  5. These  values  m ay  
be easily checked by hand .  
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